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Abstract
The high energy thermodynamics of Little String Theory (LST)
is known to be unstable. An unresolved question is whether the cor-
responding instability in LST holographic dual is of stringy or super-
gravity origin. We study UV thermodynamics of a large metric defor-
mation of the LST dual realized (in the extremal case) by type IIB
fivebranes wrapping a two-sphere of a resolved conifold, and demon-
strate that the resulting black hole has negative specific heat. This
explicitly shows that the high energy thermodynamic instability of the
LST holographic dual is of the supergravity origin.
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1 Introduction
Little string theory (LST) is a non-local theory defined on the world volume
of NS5-branes in the limit of vanishing string coupling gstr → 0 where the
string scale α′ is kept fixed [1, 2] (for a review see [3]). This theory does
not include dynamical gravity and in the IR flows to six-dimensional Yang-
Mills theory. Nonetheless, LST is quite different from a local field theory: it
exhibits T-duality in toroidal compactifications and a Hagedorn density of
states at very high energy — both the intrinsic attributes of the “standard”
string theories. The latter property in particular implies that the statistical
mechanics of LST breaks down at a finite temperature, known as the Hage-
dorn temperature. The purpose of this paper is to better understand the
ultraviolet thermodynamics of the LST.
A classical thermodynamics of the LST on the world volume of flat NS5
branes can be easily deduced from its holographic dual, realized as a near
horizon geometry of non-extremal NS5 branes [4]. It was shown in [4] that
as the number N of the five-branes is large, N ≫ 1, and the energy µ above
extremality in string unites satisfies µ ≫ N , the background geometry is
smooth with small curvatures everywhere; in addition, the string perturba-
tion theory is also good as the dilaton is bounded from above by its value at
the horizon, N
µ
. Ignoring loop/stringy corrections, one finds that the Hawk-
ing temperature of the resulting black hole is independent of the energy µ
and coincides precisely with the Hagedorn temperature TH of the LST
βH =
1
TH
= 2pi
√
Nα′ . (1.1)
Since the can tune the energy and the temperature of the system indepen-
dently, its equation of state (in the ultraviolet) is
S = βHE , (1.2)
which leads to an exponential growth of the density of states
ρ(E) ∼ eβHE . (1.3)
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One-loop corrections to the Hagedorn density of states of LST were studied
in [5, 6, 7]. The finite energy corrections to the density of states (1.3) were
argued to be of the form
ρ(E) ∼ EαeβHE
(
1 +O
(
1
E
))
. (1.4)
The sign of α in (1.4) is of uttermost importance as it determines the sta-
bility of the thermal ensemble representing LST at high energy. The explicit
calculation of [7] indicated that α is negative implying the negative specific
heat and thus the thermal instability of the system. According to authors
of [7] the instability in question is of stringy origin. It is represented by a
(massless at tree level) string mode that winds once around the Euclidean
time direction, but is supposed to become tachyonic at one-loop level.
An alternative explanation of the instability of the LST at high energy
has been advocated in [8]. Following the conjecture of [9, 10] that thermody-
namic instabilities in field theories should correspond to classical instabilities
of the dual spacetime geometry, Rangamani proposed [8] that the supergrav-
ity dual to LST at Hagedorn temperature suffers from a Gregory-Laflamme
(GL) [11, 12] like instability, thereby causing the thermal ensemble to be un-
stable. Though he did not manage to explicitly demonstrate that the metric
fluctuations about the background of interest have indeed a zero frequency
mode, that is capable of explaining the origin of the instability, Rangamani
conjectured that the required mode is the one responsible for the GL insta-
bility in the near-extremal NS5-branes claimed in [13], that would survive
the decoupling limit for the finite temperature LST.
In this paper we prove the proposal of [8] and present yet another explicit
example advocating the general philosophy of [9, 10]. We do not perform
the stability analysis near the background representing finite temperature
LST realized on flat NS5 branes as suggested in [8]. Rather, we study large
metric deformations and show that the resulting black hole geometries have
negative specific heat at the classical level. Recall that in the flat case the
temperature of the LST is (classically) independent of the energy. By chang-
ing the theory in the IR (say wrapping NS5 branes on a 2-cycle, so that
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the theory is four dimensional macroscopically), while preserving the UV
characteristics (having a 2-cycle of a finite size), we generically expect that
temperature should become energy dependent. This must definitely be the
case, if the deformation induces a phase transition in the IR, so that the
deformed geometry is simply singular (and thus does not make sense) for
sufficiently small energy. Then, by studying the classical thermodynamics
of the deformed background at high energy we should be able to deduce α
in (1.4). Specifically, we propose to study the stability issue of LST at high
energy from the thermodynamics of large number of type IIB NS5 branes
wrapping a two-cycle of a resolved conifold. The relevant extremal solution
was discussed in [14, 15, 16]. It has N = 1 SUSY in four dimensions and
exhibits a naked singularity in the IR associated with the chiral symmetry
breaking of the dual gauge theory at zero temperature. The nonextremal
deformation of this background was constructed in [17]. It was argued there
that the naked singularity (at the extremality) will be hidden beyond the
black hole horizon for sufficiently large energy away from the extremality.
The paper is organized as follows. In the next section we describe the
gravitational background representing a large number of type IIB NS5 branes
wrapping a 2-cycle in the resolved conifold geometry at finite temperature.
We study thermodynamics of this black hole solution, and show that at high
energy the black hole has a negative specific heat. We analytically compute
α in the density of states expression (1.4) for the discussed deformation. We
briefly conclude in section 3. Technical details can be found in the appendix.
2 High energy thermodynamics of N = 1 de-
formed LST
In the previous section addressing the origin of thermodynamic instability
of LST at high energy, we proposed to study large metric deformation of
its holographic dual realized by wrapping NS5 branes on a two-sphere of a
resolved conifold. The motivation for choosing this particular background
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came from the fact that the corresponding extremal solution had a naked
singularity in the IR associated with the zero temperature chiral symmetry
breaking phase transition of the dual gauge theory. As the result, the Hawk-
ing temperature of its nonextremal deformation should be energy dependent,
and so the classical analysis should be enough to extract α in the “corrected”
entropy-energy relation
S = βHE + α logE +O (1/E) . (2.5)
We proceed by recalling the gravitational background holographically
dual to theN = 1 deformed LST at finite temperature, originally constructed
in [17]. From now on we set the string scale α′ = 1. The ten dimensional
string frame metric, NS-NS 3-form H , and the dilaton φ are given by1
ds2str = △2dt2 − dx¯2 −N
[
f 2(d[ln△])2 + h
4
(
dθ1 + sin
2 θ1dφ
2
1
)
+
1
4
(
dθ2 + sin
2 θ2dφ
2
2
)
+
1
4
(
dψ +
2∑
i=1
cos θidφi
)2 ]
,
H =
N
4
[(
dψ +
2∑
i=1
cos θidφi
)
∧ (sin θ1dθ1 ∧ dφ1 − sin θ2dθ2 ∧ dφ2)
]
,
e−2φ = C
f
h△ , (2.6)
where N is the number of NS5 branes, C is an integration constant related
to the asymptotic string coupling, and △ is a new radial coordinate defined
in such a way that △ = 0+ determines the black hole horizon, and △ → 1−
is the ultraviolet asymptotic.
From eq. (5.56) of [17], f and h satisfy second-order Toda-like system of
differential equations
[ln f ]′′ = 4f 2
(
1 +
2
h
− 1
h2
)
, (2.7)
1△, f(△) used here are related to c1(r), h(r), a of [17] as follows △ ≡ △1(r), f(△) =
c8
1
(r)△1(r)h(r)/A, N = a2.
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[ln h]′′ = 4f 2
(
2
h
− 2
h2
)
, (2.8)
supplemented by the first-order constraint
0 =
[
f 2
h2
]
′ [
h2
]
′
+
f 2
h2
(h′)2 + 2h2
([
f
h
]
′
)2
− 2f 2h2
−8f
4
h2
(h2 + 2h− 1) . (2.9)
In eqs. (2.7), (2.8), (2.9) the derivatives are with respect to
y ≡ ln△ , y ∈ (−∞, 0) . (2.10)
As explained in [17], to have a regular Schwarzschild horizon we must have
f = ey
(
f0 +
∞∑
n=1
fne
2yn
)
,
h = h0 +
∞∑
n=1
hne
2yn , as y → −∞ , (2.11)
for some positive constants2 f0, h0. In the UV region we have
h→ +∞ , as y → 0− ,
f → +∞ , as h→ +∞ . (2.12)
Furthermore, it was argued in [17] that both the IR and the UV asymptotics
are compatible provided h0 > 1, where the inequality incorporates the physics
of chiral symmetry restoration at finite temperature of the dual gauge theory.
We now study the thermodynamic properties of the black hole (2.6) keep-
ing the dilaton at the horizon gh fixed, for large h0 ≫ 1. The first condition
amounts to choosing
C =
h0
g2hf0
, (2.13)
and as we will see insures (for gh ≪ 1) that the dilaton is everywhere small.
The second condition is the high energy limit of the thermodynamics. We
2Only h0 is an independent parameter, f0 should be fixed by the boundary conditions
[17].
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don’t know how to solve (2.7), (2.8) in general. However, the h0 → ∞
asymptotic of the solution can be extracted with some work. We find3
h(y) = −2y − 2 log[− sinh y] + h0 +O(1) ,
f(y) = − 1
2 sinh y
(
1− 1
h(y)
+ o
(
1
h(y)
))
. (2.14)
With (2.14) we see that the dilaton is indeed bounded by its value at the
horizon, also
f(y)e−y
∣∣∣∣
y→−∞
→ f0 = 1− 1/h0 + o(1/h0) . (2.15)
From the metric of (2.6) we can read off the Hawking temperature by iden-
tifying the periodicity of its Euclidean time direction with the inverse tem-
perature
T−1 ≡ β = 2piN1/2f0 = βH
(
1− 1
h0
+ o
(
1
h0
))
. (2.16)
Next, we compute the Bekenstein-Hawking entropy of the geometry (2.6).
We find the 8-dimensional area of the event horizon A8 of the black hole to
be
A8 = 2g−2h N5/2pi3h0V3 , (2.17)
where V3 is the 3-dimensional volume. The entropy of the black hole is then
S =
A8
4GN
=
N5/2h0V3
16pi3g4h
. (2.18)
From the ordinary statistical mechanics we know that the energy is dE =
TdS, so from (2.16), (2.18) we find the entropy-energy relation for our par-
ticular deformation of LST
S(E) = βHE + α logE + o(logE) , (2.19)
with
α = −N
5/2V3
16pi3g4h
. (2.20)
3See appendix for the details.
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Note that as in the flat LST case [7], α is and extensive quantity — it is
proportional to the noncompact factor V3 of the fivebrane world-volume.
Since α in (2.20) is negative, the black hole (2.6) has negative specific heat
and is thus thermodynamically unstable.
3 Conclusion
The purpose of this paper was to argue that the instability of the ultraviolet
LST thermodynamics in its holographic dual is of a supergravity origin, as
suggested in [8]. To do so, we identified a large metric deformation of the
gravity dual to LST where the (conjectured) threshold instability of the flat
LST dual should be enhanced to classical instability of the nonextremal gen-
eralization of the deformed background. We argued that this should happen
if the deformation in the (extremal case) induces a phase transition in the
IR, but does not affect the UV physics. In our example, this large metric de-
formation is realized by a large number of NS5 branes wrapping a 2-cycle of
a resolved conifold. By studying the UV thermodynamics of this background
we explicitly showed that resulting black hole has a negative specific heat.
The nonextremal geometry of interest has small curvatures and small
perturbative string loop corrections if both 1/N and gh are small. Thus our
classical analysis is reliable.
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Appendix
In what follows we solve (2.7), (2.8) subject to the boundary conditions
(2.11), (2.12) in the limit h0 → ∞. Note that from (2.7), (2.8) both f and
8
h are rapidly increasing functions, so in the zero order approximation in the
limit h0 →∞, we can set 1/h = 0 in (2.7). This equation has then a general
solution
f ≈ f (0) = − C1
2 sinh(C1y + C2)
, (3.21)
where Ci are integration constants. From the UV asymptotic we need f →∞
as y → 0−. This fixes C2 = 0. Furthermore, the asymptotic at the horizon
fixes C1 = 1 so that
f (0) = − 1
2 sinh y
. (3.22)
Note that satisfying the asymptotics uniquely fixes f0,
f
(0)
0 = 1 . (3.23)
In the leading order eq. (2.8) reads
[ln h(0)]′′ =
2
h(0) sinh2 y
. (3.24)
Above equation is difficult to solve analytically. We claim however that in
the limit h0 →∞
[h(0)]′′h(0) ≫ ([h(0)]′)2 , (3.25)
uniformly for all y. In approximation (3.25), eq. (3.24) simplifies
[h(0)]′′ =
2
sinh2 y
. (3.26)
The general solution of (3.26) is
h(0) = C1y − 2 log[− sinh y] + C2 , (3.27)
where Ci are integration constants. To satisfy asymptotic at the horizon we
must choose C1 = −2 and C2 = h0 − 2 ln 2 so that
h(0) = −2y − 2 log[− sinh y] + h0 − 2 ln 2 . (3.28)
We can now go back to (3.25) to check the self-consistency of the approx-
imation. Indeed, we find that [h
(0)]′′h(0)
([h(0)]′)2
with h(0) given by (3.28) has a
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global minimum at y =
(
−1/h0 +O(h−20 )
)
, with the value at the minimum
(h0/2− log h0 +O(1))→∞ as h0 →∞.
To study the leading correction to the Hagedorn thermodynamics we
actually need to know the first correction to (3.22). We take the following
ansatz for the leading correction
f = − 1
2 sinh y
(
1 +
γ
h(0)
+ o(
1
h(0)
)
)
, (3.29)
where h(0) is the zero order solution (2.11). Substituting (3.29) into (2.7),
using eq. (3.26) and the approximation (3.25), we find γ = −1. In a similar
fashion we can compute the leading correction to h(0) and see that it is a
fixed constant. From (3.29) it follows that
f0 = 1− 1
h0
+ o
(
1
h0
)
. (3.30)
Since our conclusion about UV thermodynamic instability of LST hinges
on the fact that γ < 0, we also did numerical analysis to confirm (3.30). In
the remaining of this section we describe them and present the results. First,
we rewrite (2.7) and (2.8) in terms of
f1(t) ≡ e
y
f(y)
,
f2(t) ≡ 1
h(y)
, (3.31)
where we introduced new variable
t ≡ e2y, t ∈ [0, 1] . (3.32)
We find
0 = tf1(t)[f1(t)]
′′ + f1(t)[f1(t)]
′ − t([f1(t)]′)2 + 1 + 2f2(t)− f2(t)2 ,
0 = tf1(t)
2f2(t)[f2(t)]
′′ + f1(t)
2f2(t)[f2(t)]
′ − tf1(t)2([f2(t)]′)2
+2f2(t)
3 − 2f2(t)4 , (3.33)
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Figure 1: Numerical determination of f0(h0). Dots represent values of log[1−
f0(h0)] evaluated as detailed in the appendix section. The slope is predicted
to be (−1) from (3.30).
where all the derivatives are with respect to t. Near t = 0 we have power
series expansion
f1 =
∞∑
k=0
αkt
k , f2 =
∞∑
k=0
βkt
k , (3.34)
with
α0 =
1
f0
, α1 = −f0(h
2
0 + 2h0 − 1)
h20
, α2 = · · · ,
β0 =
1
h0
, β1 = −2f
2
0 (h0 − 1)
h30
, β2 = · · · , (3.35)
while at t→ 1− we have boundary condition
0 < f1(t)≪ f2(t)→ 0 . (3.36)
In practice we integrated (3.33) from t = δt = 10−4 with initial conditions,
determined by f0, h0, specified by the first six terms in the expansion (3.34).
Notice that is if a set {f1(t, [f0, h0]), f2(t, [f0, h0])} is a solution to (3.33), then
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so does {f1(tλ, [f0/
√
λ, h0]), f2(tλ, [f0/
√
λ, h0])} for arbitrary λ. The latter
in particular implies that if f1(t = 1, [f0, h0]) = 0 (as it should be for the
boundary condition (3.36)), than f1(t = λ, [f0/
√
λ, h0]) = 0. This suggested
a practical “trick” of fixing f0 in terms of h0 from the integration: for a
fixed h0 we take f0 = 1 and find (via numerical integration) t
∗ ≡ t∗(h0)
such that f1(t
∗(h0), [1, h0]) = 0; then, above considerations guarantee that
f1(1, [
√
t∗(h0), h0]) = 0. That is
f0(h0) =
√
t∗(h0) . (3.37)
The results of the numerical computations are presented in Fig. 1, as a plot
of log[1 −
√
t∗(h0)] versus log(h0). According to (3.30) we expect the large
log(h0) slope to be (−1). We see that this is indeed the case.
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